Abstract. Let be the Laplace-d'Alembert operator on a pseudo-Riemannian manifold (M; g). We derive a series expansion for the fundamental solution G(x; y) of + H , H 2 C 1 (M), which behaves well under various symmetric space dualities. The qualitative properties of this expansion were used in our paper in Invent. Math. 129 (1997) 63{74, to show that the property of vanishing logarithmic term for G(x; y) is preserved under these dualities.
G(x; y; + H) = ( U(x; y) (2?n)=2 + V (x; y) log j j; n even;
U(x; y)j j (2?n)=2 ; n odd;
for (x; y) in a neighborhood O of the diagonal in M M, where = (x; y) is the geodesic distance-squared, and U and V are smooth functions on O. Of course, the distance-squared may be negative, since the metric may be inde nite. The true fundamental solution is a version of the formal expression (1) which is regularized, either in a classical sense H], or in a distributional sense C,F] .
The precise analytic considerations needed to produce the fundamental solution vary according to the metric signature. This subject of this paper is a classical development of the series (1) which, for certain purposes, is a valuable alternative to the Hadamard development. In particular, we used the existence of this development in an essential way in B O]. There we proved that the vanishing of the logarithmic term V is preserved under various symmetric space dualities. This, in turn, allowed us to construct many new locally symmetric spaces on which V vanishes, taking the potential H to be a constant multiple of the scalar curvature. The property of vanishing logarithmic term has been studied by many authors; for metrics of Lorentz signature, it is equivalent to Huygens' principle; for Riemannian signature, there are interpretations with consequences for classical gravitation and electrostatics. In this paper, we limit ourselves to signature-independent considerations and develop In normal coordinates with origin at y, let (x ) be the coordinates of the moving point x. The coe cients V k of the Taylor series for V , V (x; y) V 0 (y) + (V 1 ) (y)x + (V 2 ) (y)x x + : : : + (V k ) 1 ::: k (y)x 1 : : : x k + : : : ; are universal local invariants of the metric g and the potential H, valued in the symmetric k-tensor elds on M. (Here and below, the summation convention is in force.) Similar considerations hold for the function U. In fact, the Taylor coecients for U and V may be calculated inductively and algebraically from the Taylor expansions of the metric g and the potential H.
Choose normal coordinates for g in which y = 0 and x = (x ). It will be convenient to introduce an arti cial at reference metric: Let be the standard at metric of the same signature as g. Then g has a normal coordinate expansion By taking note of the behavior of all terms under uniform dilation g 0 = sg, 0 < s 2 R, it is easy to compute that each monomial (4) in V k (resp. U j ) enjoys a homeogeneity property: p r + 2(p R + p H ) = n ? 2 + k (resp. p r + 2(p R + p H ) = j); where p r (resp. p R , p H ) is the number of r (resp. R, H) appearing. Note that implementation of the Ricci identities may convert occurrences of r into occurrences of R, but does not disturb the quantity p r + 2(p R + p H ). In normal coordinates, the vanishing of the rst order terms in the metric expansions gives (6) q
Let D = ? @ @ . Our strategy will be to explicitly compute the e ect of D on homogeneous terms of the expansion (1), and to qualitatively observe the e ect of + H ? D. We break up a homogeneous term according to (7) (V k ) 1 ::: k x 1 : : :
where x (k) is the k-tuple (of n-tuples) (x; : : : ; x), and the V k;`a re trace free tensors.
(That is, any contraction of V k;`w ith ] vanishes.) In representation theoretic terms, we can accomplish this by taking the symmetric tensor representation of GL(n; R) and decomposing into irreducible representations of the subgroup O(p; q), where (p; q) is the signature of . We similarly decompose each homogeneous term in the expansion of U.
For simplicity, we restrict to f > 0g for purposes of this calculation. After insertion of appropriate minus signs, it is clear that the situation on f < 0g is also The important qualitative point about + H ? D is (6). We have: Lemma 1. On f > 0g, for formal power series U and V as in (7) This solution is unique modulo solutions without singularity at = 0. With the side conditions U j;m = 0 for all j, the even-dimensional solution is unique, and all coe cients U j;l (y) and V k;l (y) are universal local invariants as in (4).
Proof. First restrict to f > 0g. Proceeding inductively, we nd by examining the logarithm free terms that the U j;`a re uniquely determined for n odd. If n is even, 1. The U j;`a re uniquely determined for`< m and all j; 2. The U j;m may be prescribed arbitrarily, but the V k;0 are uniquely determined for all k. Switching attention to the terms with a log factor, we get no additional condition on the V k;0 , and 3. The V k;`a re uniquely determined for`> 0 and all k. Going back to the logarithm free terms, 4. The U j;`f or`> m are uniquely determined, given our prescription of the U j;m . If E and F are two power series constructed as above, di ering in the prescription of the U j;m (and its e ects on the computation of the U j;`f or`> m), then E ? F is a power series (without singularity at = 0) satisfying ( + H)(E ? F) = 0.
Thus the power series construction is unique up to the addition of such harmonics.
It is straightforward to insert signs as appropriate to extend the conclusion to f < 0g. The local invariance properties follow inductively from those of the metric, through (5). The rst term on the right in Lemma 1(a) regularizes to a constant multiple of the delta function when we take account of behavior through f = 0g, and compute in the sense of distributions. Thus we are computing the fundamental solution of + H by implementing the above procedure. Since + H ? is an operator of the same type, our results also cover the resolvent kernel, i.e., the kernel function of ( + H U(x; y)
The K j and L k are determined, in a neighborhood of the diagonal in M M, by recursive solution of the transport equations; these are ordinary di erential equations in which the geodesic parameter is the independent variable. With x as the moving point and y the xed point, the de nition of gives the following variants of (9). Let G := log jgj and r = 1=2 , and let a prime denote d=dr. Then . Thus u is nonsingular at r = 0. Since n is even, inspection of the process which produces the functions K j and L k shows that they are uniquely determined and nonsingular at r = 0. When one actually tries to calculate the local invariants in the Hadamard expansion, attention quickly turns to the Taylor expansions of the Hadamard coe cients. The K j and L k do not have trace free Taylor coe cients; thus these coe cients do not just come from the list of U j;`a nd V k;`p roduced by our power series construction. However, the Taylor coe cients L k;p of the L k can be computed from the list V k;`a nd vice versa; similarly for the lists K j;p and U j;`. The computation of any given entry from one list involves only nitely many entries from the counterpart list. The separation of V k into the various V k;`c an be carried out e ectively using (8,9); that is, by taking the eigenresolution of D on the space of k homogeneous polynomials. The ambiguity in the de nition of the U j;m (resp. K m ;p ) a ects only the U j;q (resp. the K q;p ) for q m , and has no e ect on the logarithmic terms.
